A set M of edges of a graph G is a matching if no two edges in M are incident to the same vertex. A set S of vertices in G is a total dominating set of G if every vertex of G is adjacent to some vertex in S. The matching number is the maximum cardinality of a matching of G, while the total domination number of G is the minimum cardinality of a total dominating set of G. In this paper, we investigate the relationships between the matching and total domination number of a graph. We observe that the total domination number of every claw-free graph with minimum degree at least three is bounded above by its matching number, and we show that every k-regular graph with k 3 has total domination number at most its matching number. In general, we show that no minimum degree is sufficient to guarantee that the matching number and total domination number are comparable.
Introduction
For notation and graph theory terminology we in general follow [7] . Specifically, let G = (V , E) be a graph with vertex set V and edge set E. The minimum degree of the graph G is denoted by (G), and the maximum degree by (G). A graph G is claw-free if G has no induced subgraph isomorphic to K 1, 3 . Throughout this paper, we only consider finite, simple undirected graphs without isolated vertices.
Two edges in a graph G are independent if they are not adjacent in G. A set of pairwise independent edges of G is called a matching in G, while a matching of maximum cardinality is a maximum matching. The number of edges in a maximum matching of G is called the matching number of G which we denote by (G). A perfect matching in G is a matching with the property that every vertex is incident with an edge of the matching.
A set S ⊆ V is a dominating set of G if every vertex in V − S is adjacent to at least one vertex in S. The domination number (G) is the minimum cardinality of a dominating set of G. A set S ⊆ V is a total dominating set, abbreviated TDS, of G if every vertex in V is adjacent to a vertex in S. Every graph without isolated vertices has a TDS, since S = V is such a set. The total domination number of a graph G, denoted by t (G), is the minimum cardinality of a TDS of G. Total domination was introduced by Cockayne et al. [5] and is now well studied in graph theory. The literature on this subject has been surveyed and detailed in the two books by Haynes et al. [7, 8] .
Total domination number versus matching number
Bollobás and Cockayne [3] established the following property of minimum dominating sets in graphs. [3] ). Every graph G with no isolated vertex has a minimum dominating set D in which each vertex v ∈ D has the property that there exists a vertex v ∈ V (G)\D that is adjacent to v but to no other vertex of D.
Theorem 1 (Bollobás and Cockayne
As an immediate consequence of Theorem 1, we have the following relationship between the domination and matching numbers of a graph with no isolated vertex.
Theorem 2. For every graph G with no isolated vertex, (G) (G).
In this paper, we investigate the relationships between the total domination and matching numbers of a graph with no isolated vertex. Since (G) t (G) for all graphs G with no isolated vertex, it is natural to ask the question: Is it true that t (G) (G) for every graph G with no isolated vertex? We answer this question in the affirmative for the family of claw-free graphs with minimum degree at least three and for the family of k-regular graphs when k 3.
Main results
We shall prove:
Theorem 3. For every k-regular graph G with k 3, t (G) (G).
However, in general we show that the matching number and total domination number of a graph are incomparable, even for arbitrarily large, but fixed (with respect to the order of the graph), minimum degree.
Observation 2. For every integer 2, there exists graphs G and H with (G) = (H ) = satisfying t (G) > (G) and t (H ) < (H ).

Proof of Observation 1
In this section, we observe that the total domination number of every claw-free graph with minimum degree at least three is bounded above by its matching number. Archdeacon et al. [1] recently found an elegant one page graph-theoretic proof that the total domination number of a graph is at most one-half its order.
Theorem 4 (Archdeacon et al. [1], Chvátal and McDiarmid [4]). If G is a graph of order n with (G) 3, then
The following result about matching in claw-free graphs was established independently by Las Vergnas [11] and Sumner [12, 13] . [11] , Sumner [12, 13] ). If G is a claw-free graph of even order, then G has a perfect matching.
Theorem 5 (Las Vergnas
As a consequence of Theorem 5, we have the following result.
Theorem 6. If G is a claw-free graph of order n, then (G)
Proof. If n is even, then the result follows from Theorem 5. If n is odd, then, by Theorem 5, the claw-free graph G − v has a perfect matching for any vertex v of G, and so (G) = (n − 1)/2. Observation 1 is an immediate consequence of Theorems 4 and 6. We remark that the minimum degree condition of Observation 1 cannot be relaxed. It is shown in [6] that every connected claw-free graph G of order n and minimum degree at least two satisfies t (G) (n + 2)/2 and those graphs for which t (G) > n/2 are characterized. As a consequence of this result and the result of Theorem 6, the connected claw-free graphs G with minimum degree at least two satisfying t (G) > (G) are characterized.
Proof of Theorem 3
In this section, we prove Theorem 3 which states that every k-regular graph with k 3 has total domination number at most its matching number. For this purpose, we present four preliminary results. The first result is a theorem of Berge [2] about the matching number of a graph, which is sometimes referred to as the Tutte-Berge formulation for the matching number.
Theorem 7 (Berge [2]). For every graph G,
where oc(G − X) denotes the number of odd components of G − X.
The second result establishes a relation relating the size of a graph and its order, total domination number, and maximum degree.
Theorem 8 (Henning [10]). If 3 and G is a connected graph of order at least three with (G) , then |E(G)| (|V (G)| − t (G)).
The third result is a direct consequence of Theorem 8.
Lemma 9. If G is a graph where all degrees are three, except for one vertex which has degree two, then t (G) (|V (G)|
Proof. Since every graph has an even number of vertices of odd degree, we note that |V (G)| is odd, and so |V (G)| = 2k+1 for some integer k.As
). This is equivalent to 6 t (G) 6k + 4, which implies that t (G) k = (|V (G)| − 1)/2, as t (G) and k are integers.
The fourth result is the main result in [14] .
Theorem 10 (Thomasse and Yeo [14]). If G is a graph with (G) 4 then t (G) 3|V (G)|/7.
We first consider the case of cubic graphs, before proving the general statement in Theorem 3.
Lemma 11. t (G) (G) for all cubic graphs G.
Proof. Let G be a cubic graph of order n. We may assume that G is connected as otherwise we look at each (connected) component separately. Let X ⊂ V (G) be a subset which minimizes (n + |X| − oc(G − X))/2. By Theorem 7,
. . , G r denote the odd components in G−X that are joined to X by exactly one edge in G. Let G r+1 , G r+2 , . . . , G oc(G−X) be all the other odd components in G − X. 
We now find a TDS of G as follows. By Lemma 9, there exists a TDS T i in G i for each i = 1, 2, . . . , r, such that
, and so n is even. Let y be any vertex in N G (x) and note that {y} ∪ T 1 ∪ T 2 ∪ T 3 is a TDS of G of size at most n/2 − 1. As (G) = (n + 1 − 3)/2, we have t (G) (G), as desired. Hence we may assume G has no isolated vertex. Suppose G has a component of size two. Then let {x, y} be the vertices in this component and note that
is a TDS of G of size at most n/2 − 1. As (G) = (n + 2 − 4)/2, we are now done. We may therefore assume that all components in G have order at least three. By using Theorem 8 (with = 3) on each component in G there exists a TDS,
is a TDS of G, and so t (T ) |T |. Since there are exactly r edges joining V (G ) and V (G) − V (G ), we have that
and so
However, we have now shown that (G) n/2 − r/3 t (G), so we are done.
We are now ready to prove Theorem 3.
Proof of Theorem 3. Let G be a k-regular graph with k 3. We may assume that G is connected as otherwise we look at each (connected) component separately. If k = 3, then we are done by Lemma 11. Hence we may assume that k 4. For the sake of contradiction assume that t (G) > (G). Let n = |V (G)| and let m = |E(G)|. By Lemma 10 we know that t (G) 3n/7. As (G) < t (G) 3n/7 < n/2, we first consider the case when (G) = (n − 1)/2. In this case, n is odd and (n − 1)/2 < 3n/7, which implies that n 5. As G is k-regular this implies that G = K 5 , which is a contradiction as t (G) = 2 = (G). Therefore we may assume that (G) < (n − 1)/2. By Theorem 7 there exists a set X such that (G) = (n + |X| − oc(G − X))/2, where X = ∅ as (G) < (n − 1)/2. This implies the following:
Now let y 1 denote the number of odd components in G − X which have less than k edges into X (in G). Let y k denote the number of odd components in G − X which have at least k edges into X (in G). Note that each component counted in y 1 contains at least k + 1 vertices, as if some component contains r k vertices then there are at least r(k + 1 − r) k edges into X, a contradiction. Therefore n |X| + y 1 (k + 1) and by counting the number of edges between X and the odd components in G−X we get that k|X| y 1 +ky k . Therefore n y 1 /k +y 1 (k +1), which implies the following:
If y 1 =0, we have an immediate contradiction. Hence, y 1 1 and the above inequality is equivalent to (k −3) 2 −1 < 0, which is clearly false when k 4. This contradiction completes the proof.
Proof of Observation 2
We first consider the case when = 2, and prove the following stronger result:
Proposition 12. For every integer k 0, there exists graphs G and H with minimum degree two satisfying t (G) − (G) > k and (H ) − t (H ) > k.
Proof. An infinite family of connected graphs G with minimum degree two having total domination number foursevenths their order is constructed in [9] . Since the matching number is at most one-half the order of the graph, the difference t (G) − (G) can made arbitrarily large for this family of graphs G. Let H be obtained from the complete graph K 2k+5 by adding a new vertex (of degree two) and joining it to two vertices of the complete graph. Then, (H ) = 2, t (H ) = 2 and (H ) = k + 3, whence (H ) − t (H ) = k + 1. Thus, the difference (H ) − t (H ) can be made arbitrary large.
We now present a proof of Observation 2.
Proof of Observation 2. If = 2, then the result follows from Proposition 2. Hence we may assume that 3. For n ( − 1) + 1, let G = G n be the bipartite graph formed by taking as one partite set a set A of n elements, and as the other partite set a set B of all the -element subsets of A and joining each element of A to those subsets it is a member of. Then, every vertex in B has degree , while every vertex in A has degree n−1 −1 . Thus, G is a bipartite graph with minimum degree and order n + n . Now, (G) min(|A|, |B|) = |A| = n. It is easy to find a matching of size n in G, and so (G) = n. To totally dominate the vertices in B we need at least n − + 1 vertices in A, while to totally dominate the vertices in A we need at least |A|/ = n/ vertices in B. Hence, t (G n ) n − + 1 + n/ . It is not difficult to see that there exists n/ vertices in B which totally dominate all vertices in A so these vertices together with any n − + 1 vertices in A implies that t (G) = n − + 1 + n/ .Thus since n ( − 1) + 1, t
(G) > (G).
Let H be obtained from the complete graph K 2 −1 by adding a new vertex (of degree ) and joining it to vertices of the complete graph. Then, (H ) = , t (H ) = 2 while (H ) = , whence (H ) > t (H ).
